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INTRODUCTION
We consider a semi-elliptic differential operator in 2 given by
 2 u  4 u
Au  .2 4 x  x1 2
Ž  .Following Triebel see 10 we will call this operator a model semi-elliptic
operator. The operator
u
 u Au ,  xŽ .1
Ž .   Ž . Ž .where  0,  x  C 1, 1 ,  x  0 if x  1, 1 , and1 1 1
 t  tŽ . Ž .
lim  lim  1
1 t 1 tt1 t1
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   was a subject of an investigation in 10 . In 10 a priori estimates were
proved for the operator  considered as a map defined on suitable
anisotropic BesovSobolev spaces on a domain Kthe unit circle. In this
case boundary conditions for  are defined as follows:
 u
u  g y ,  g y .Ž . Ž .K 1 2 x2 K
 In 10 in view of a special form of  some homogenity arguments were
used. A decomposition method together with a multiplier theorem allowed
us to obtain an a priori estimate for  if values of  are sufficiently
large. A question about analogous a priori estimates for the operator
A is left open.0
Let us remark that a priori estimates for general semi-elliptic differen-
tial operators defined on suitable anisotropic Sobolev spaces on a half-space
n Ž  . were obtained by numerous authors see 2, 3, 7, 8 . These estimates
are analogous to known estimates in an elliptic case. In the case of an
arbitrary C-domain the situation is quite different. A priori estimates for
general semi-elliptic differential operators in the case of an arbitrary
C-domain are unknown. Compared with an elliptic case there are new
effects. Our aim is to describe these effects in a model case. Thus we
investigate mapping properties of a model semi-elliptic differential opera-
Žtor A in the framework of theoretical anisotropic Sobolev spaces weighted
.and unweighted on a domain K-unit circle.
The paper is organised as follows.
In Section 1 we consider the boundary value problem
 2 u  4 u
   f 0.1Ž .2 4 x  x1 2
with the boundary conditions
 u
u   0, 0.2Ž .G
 x2 G
where G is a ‘‘parabolic’’ domain,
2G x , x  x 	 0 x  x  x ,Ž . ' '½ 51 2 1 1 2 1
Ž . Ž .and f x , x  L G is a given function.1 2 2
Ž . Ž .In order to investigate 0.1 , 0.2 we apply a method of a solution of
 general parabolic problems proposed in 1, 4 . Using a special change of
variables we map G onto the strip
2D t , t   t  , 1
 t 
 1Ž . 41 2 1 2
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Ž . Ž .and transform problem 0.1 , 0.2 to a problem on the strip D. This makes
it possible to use the Fourier transform with respect to t . So we reduce1
Ž . Ž .0.1 , 0.2 to the problem for ordinary differential equation of the fourth
order with a parameter. Introducing into consideration a suitable weighted
Ž2, 4.Ž  2 4.anisotropic Sobolev space W G, x we prove that operator A maps2 1
isomorphically the subspace
u
Ž2, 4. 2 Ž2 , 4. 2˜ W G , x  fW G , x f   0 4  4Ž . Ž . G2 1 2 1½ 5 x2 G
Ž .onto L G .2
In Section 2 we present an a priori estimate for A in the half-plane 2 .
This a priori estimate is given in a framework of anisotropic Sobolev
Ž2, 4.Ž 2 .spaces W  . It is a particular case of an a priori estimate for general2 
 quasi-elliptic operators given in 2 . Let us remark that polynomial
P   4   2   0Ž . Ž .1 1
has m  2 roots in the upper half-plane and m  2 in the lower 
Ž .half-plane. So conditions like Lopatinskii conditions in an elliptic case
 from 2 are fulfilled.
In Section 3 we introduce into consideration weighted Sobolev space
Ž2, 4.Ž Ž .. Ž Ž 2 .2 Ž .W K , d x K-unit circle in the plane, 1 x  d x -appropriate2 1 1 1
.weight .
We derive an a priori estimate,
Ž2, 4.u W K , d x 
 C Au  L K  u  L K , 0.3 4Ž . Ž . Ž . Ž .Ž .2 1 2 2
Ž2, 4.Ž Ž ..that holds for all functions uW K , d x such that2 1
 u
u   0.K
 x2 K
Ž .A priori estimate 0.3 is analogous to a known estimate in an elliptic case,
but it is obtained in the framework of weighted anisotropic Sobolev spaces.
In Section 4 we consider the inhomogeneous boundary value problem
 2 u  4 u
Au   f ;2 4 x  x1 2
u
u  g ,  g .K 1 2 x2 K
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 With the help of a trace theorem from 10 we give an a priori estimate in
this case.
This research has been supported by the Deutsche Forschungsgemein-
schaft, Grant Tr 3742. The author thanks Professor M. Agranovich, V.
Kondratiev, V. Michajlets, and L. Volevich for valuable discussions. The
author also thanks Professor H. Triebel for his encouragement.
1. A CASE OF INFINITE ‘‘PARABOLIC’’ DOMAIN
Suppose G is a domain bounded by a parabola x  x 2; i.e.,1 2
2G x , x  x 	 0,  x  x  x . 1.4Ž . Ž .' '½ 51 2 1 1 2 1
We are looking for solutions of the equation
 2 u  4 u
   f 1.5Ž .2 4 x  x1 2
with the boundary conditions
 u
u   0, 1.6Ž .G
 x2 G
Ž . Ž .where f x , x  L G is a given function.1 2 2
We use the following substitutions:
1 x2
x  exp 2 t , x  t exp t , t  ln x , t  .Ž . Ž .1 1 2 2 1 1 2 22 x' 1
1.7Ž .
These substitutions are a particular case of more general substitutions
 used in 4 for investigation of boundary value problems for general
parabolic differential equations in closed domains.
Ž .Domain G is mapped on the strip D on the plane t , t1 2
D t , t  t  , 1 t  1 . 1.8Ž . Ž . 41 2 1 2
We have
 2 u exp 4 t  2 u  2 u  2 u  u  uŽ .1 2  2 t  t  2  3t 1.9Ž .2 2 22 2 2ž /4  t  t  t  t x  t  t1 2 1 21 1 2
SEMI-ELLIPTIC DIFFERENTIAL OPERATOR 389
and
 4 u  2 u
 exp 4 t . 1.10Ž . Ž .14 4 x  t2 2
Ž . Ž .Equation 1.5 with boundary conditions 1.6 is transformed into equation
 4 u  2 u  u  2 u  2 u  u
24  t  3t   2 t  2  g t , t ,Ž .2 2 2 1 1 24 2 2 t  t  t  t t  t  t2 1 2 12 2 1
1.11Ž .
Ž . Ž . Ž Ž . Ž ..where g t , t  4 exp 4 t f exp 2 t , t exp t ,1 1 2 1 1 2 1
 u
u   0. 1.12Ž .t 12  t2 t 12
Ž .Variable t runs over all real lines  t   and we can apply the1 1
Ž .Fourier transform in 1.11 with respect to variable t . It leads to a1
problem with parameter ,
d4 u t d 2 u t 2 i 3 du 2  2 iŽ .˜ ˜ ˜2 2
B u    u g t ,  ,Ž .˜ ˜ 1 24 24 4 dt 4dt dt 22 2
1.13Ž .
Ž . Ž .where g t ,  is the Fourier transform of function g t , t 4. The˜ 2 1 1 2
boundary conditions are written in the following form:
du˜
u 1  1  0. 1.14Ž . Ž . Ž .˜
dt2
Elliptic boundary problems with parameters were a subject of investigation
  Ž . Ž .in 1 . The boundary problem 1.13 , 1.14 is a particular case of the
   problem considered in 1 . From 1 it follows that there exists a bounded
Ž . Ž .operator R  acting from L 1, 1 into Sobolev space2
df
4 4W˜ 1, 1  fW 1, 1 f 1  1  0 ,Ž . Ž . Ž . Ž .2 2½ 5dt
which is a meromorphic function of  such that
B R   I , 1.15Ž . Ž .
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Ž . Ž .where B is defined by 1.13 and I is an identical operator in L 1, 1 . 2
   In view of 1 for every strip Im   C there exists C  0 such for1 2
  Ž .Re   C the function R  is regular and the following estimate holds:2
224 4  R  g  L 1, 1  R  g W 1, 1Ž . Ž . Ž . Ž .˜ ˜2 2
2
 C g  L 1, 1 . 1.16Ž . Ž .˜ 2
We will need the following lemma
5Ž . Ž .LEMMA 1.1. Function R  has no poles on the line Im   .2
Ž .Proof. Consider operator B defined by 1.13 . Put
B y B y  y B y , 1 2
where
d4 y x 2 d 2 y x 2 i 3 dy 2  2 iŽ .
B y ; B y  ;  .1 24 24 4 dx 4dx dx
5Ž .Operator B  I is invertible along the line Im   . We write1 2
1B  I B B  I B  I .Ž . Ž .Ž . 2 1 1
5Ž .In order to prove the invertibility of B on the line Im   we show 2
that
1 B B  I  1.Ž .2 1
 4Denote by  the sequence of eigenvalues of operator B ordered withn 1
 4respect to their increasing order of moduli. Let y be the completen
orthonormal sequence of the corresponding eigenfunctions. Then we have
 y 	 y xŽ . Ž .1 n n1B B  I z B z 	 d	Ž . Ž .ÝH2 1 2 ž /ž /  1 nn1
 B y 12 n y 	 z 	 d	 . 1.17Ž . Ž . Ž .Ý H n   1nn1
We consider
B y x 2 d 2 y 2 i 3 dy2 n n n  x , 1.18Ž .2 2 2ž /   dx4    2 i dx 4    2 in n n
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5 Ž .where  
 i  
  . In view of the inequality2
 4   1  4 y W 1, 1 
 y  L 1, 1 y W 1, 1 ,Ž . Ž . Ž .n 2 n 2 n 2
where 0  1, we obtain
dyn 14L 1, 1  1  1.19Ž . Ž . Ž .2 ndx
and
2d yn 12L 1, 1  1  . 1.20Ž . Ž . Ž .22dx
5Denoting d  4  we also haven n 4
1 1 2 i 3 1

 ; 
 . 1.21Ž .2 2  d4    2 i 4    2 i d  1'nn n n
Ž . Ž .It follows from 1.17  1.21 that
1   B B  I z 
 K z ,Ž .2 1
where
1212  1 1  ' nn
K  .Ý Ý2ž / ž /d  1d nnn1 n1
Ž  . 4 Ž .It is well known see 5, pp. 525526 that    , where  n 1, 2, . . .n n n
are the roots of the equation
2
cos 2 . 1.22Ž .
exp 2 exp2
Ž .In view of 1.22 we have
3  n
   ,   n 2, 3, . . . . 1.23Ž . Ž .1 n4 2
Ž .Using 1.23 it is easy to verify that K 1. This proves the lemma.
Now we introduce into consideration a weighted anisotropic Sobolev
Ž Ž .. Ž2, 4.Ž  2 4.space defined on domain G see 1.4 . Let W G, x be a set of2 1
Ž .distributions fD G equipped with the norm
 Ž2, 4. 2   2 f W G , x  fx  L GŽ . 4Ž .2 1 1 2
2 4 f  f
 L G  L G .Ž . Ž .2 22 4 x  x1 2
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LEMMA 1.2. Define a subspace
 f
Ž2, 4. 2 Ž2 , 4. 2˜  W G , x  fW G , x f   0 4  4Ž . Ž . G2 1 2 1½ 5 x2 G
Ž2, 4. 2 ˜ Ž2, 4. 2Ž  4. Ž  4.of space W G, x . Operator A maps W G, x isomorphically2 1 2 1
Ž .onto L G .2
5Ž . Ž .Proof. In view of Lemma 2.1 R  has no poles on line Im   . We2
Ž .integrate inequality 1.16 along this line. So we have
Ž . 52 i 4 2    R  g  L 1, 1 dŽ . Ž .˜H 2
Ž . 52 i
Ž . 52 i 24  R  g W 1, 1 dŽ . Ž .˜H 2
Ž . 52 i
Ž . 52 i 2 
 C g  L 1, 1 d. 1.24Ž . Ž .˜H 2
Ž . 52 i
Ž . Ž .The image of the ‘‘parabolic’’ domain G by map 1.7 is the strip 1.8 . The
Jacobian of this map is
D x , xŽ .1 2 2 exp 3t .Ž .1D t , tŽ .1 2
We have
Ž . 52 i 2 g  L 1, 1 dŽ .˜H 2
Ž . 52 i
1 2
 C exp 3t  f exp 2 t , t exp t dt dtŽ . Ž . Ž .Ž .H H 1 1 2 1 1 2
1 
  2
 C f  L G . 1.25Ž . Ž .2
Ž . Ž .In view of inequalities 1.24 , 1.25
Ž . 52 i 2 2   R  g  L 1, 1 d
 C f  L G .Ž . Ž . Ž .˜H 2 2
Ž . 52 i
Ž .It follows that for vector-valued function R  g˜
Ž . 52 i i t1u t , t  R  ge dŽ . Ž . ˜H1 2
Ž . 52 i
is correctly defined.
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Using Parseval identity we obtain the following inequality:
 Ž2, 4. 2 u W G , x 4Ž .2 1
24
  u1
 2 exp 5t dt dtŽ .H H 1 1 24 t1  2
2 2 2
1  u  u  u1 2 exp 5t  2 t  tŽ .H H 1 1 22 28  t  t t  t1  1 21 2
2
 u u
2  3t dt dt2 1 2 t  t1 2
1 2  2 exp 5t u exp2 t , t expt dt dtŽ . Ž .H H 1 1 2 1 1 2
1 
Ž . 52 i 4 2   
 C  R  g  L 1, 1Ž . Ž . ˜H 2
Ž . 52 i
 4  2 R  g W 1, 1 d.Ž . Ž . 4˜ 2
Ž . Ž .Function u t , t is a solution of Eq. 1.11 .1 2
It is obvious that
˜ Ž2, 4. 2A : W G , x  L GŽ . 4Ž .2 1 2
˜ Ž2, 4. 2Ž  4. Ž .is a bounded operator. A maps W G, x onto L G . It follows2 1 2
from the above consideration that there exists C 0 such that inequality
˜ Ž2, 4. 2   Au  L G 	 C u W G , xŽ .  4Ž .2 2 1
1 ˜ Ž2, 4. 2Ž . Ž  4.holds. This means that inverse operator A : L G W G, x is2 2 1
bounded and therefore A is an isomorphism. The proof is complete.
2. AN A PRIORI ESTIMATE IN 2
We consider a boundary value problem for a model semi-elliptic opera-
tor in a half-plane,
2 4 u  u  u
   f , u   0, 2.26Ž .x 022 4  x x  x 21 2 x 02
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Ž 2 . Ž .where f L  is a given function. An L 1 p  a priori estimate2  p
for a general semi-elliptic differential operator in a half-space was ob-
 tained in 2 . We need this estimate for a model semi-elliptic differential
operator in the case p 2. Let us introduce into consideration the
following function spaces:
Ž2, 4. 2 2 Ž2 , 4. 2W   fD  : f W Ž . Ž . Ž .2   2 ½
2 4 u  u
2 2 2 f  L   L   L  . 2.27Ž .Ž . Ž . Ž .2  2  2 2 4 5 x  x1 2
 Using notation from 2 we also write
122s184 ˜ f    i 1  f d . 2.28Ž .Ž .s , 2 H ž /2 1ž /2
Ž .It is easy to check that norm 2.28 is equivalent to the following norm:
12
2s2 sŽ s2, s. 2 ˜   f W       1 f d . 2.29Ž . Ž .Ž .H2 1 2ž /2
Ž s2, s.Ž .For an open domain G the space W G is introduced in a standard2
way.
Ž .This is a space of distribution fD G equipped with quotient norm
Ž s2, s. Ž s2, s. 2f W G  inf  W  . 2.30Ž . Ž . Ž .2 2
Gf
2 Ž .It is known that in the case G , s 4, norm 2.30 is equivalent to
Ž . Ž  .  norm 2.27 see 11 . As a particular case of general Theorem 1 from 2
we obtain the following theorem.
Ž .THEOREM 2.1. The a priori estimate for boundary problem 2.26 holds:
Ž2, 4. 2 2 Ž32, 3. 2u W  
 C Au  L   u W  .Ž . Ž . Ž .Ž .2  2  2 
3. AN A PRIORI ESTIMATE IN A CASE OF A CIRCLE
Ž . 2 2 2 4Let K x , x  : x  x  1 be an unit circle. There are two1 2 1 2
0 Ž . 1 Ž .singular points x  1, 0 , x  1, 0 lying on K in a neighborhood of
which the boundary curve K has a ‘‘parabolic’’ behavior. We introduce
into consideration the weight function
22d x  1 x .Ž . Ž .1 1
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Ž .With the help of d x we define weighted anisotropic Sobolev space1
Ž2, 4.Ž Ž .. Ž .W K , d x as a Hilbert space of distribution fD K equipped2 1
with the norm
2 u
Ž2, 4.f W K , d x  L KŽ . Ž .Ž .2 1 22 x1
4 u
 L K  fd x  L K . 3.31Ž . Ž . Ž . Ž .2 1 24 x2
We will need the following lemma.
LEMMA 3.1. Let  be a bounded domain. Then for each  there exists a
Ž .constant C  such that
Ž32, 3. Ž2 , 4.u W  
  u W   C  u  L Ž . Ž . Ž . Ž .2 2 2
Ž2, 4.Ž .for all uW  .2
Ž2, 4.Ž . Ž32, 3.Ž .Proof. Because the embedding W  into W  is compact2 2
 this statement is a particular case of a general theorem from 6 .
ŽNamely, suppose X Y Z are Banach spaces  means non-trivial
.continuous embedding and the embedding X Y is compact. Then for
Ž .each  there exists a constant C   0 such that
     u  Y 
  u  X  C  u  Z u X .Ž . Ž .
The proof of the lemma follows obviously.
Now we are ready to prove our main result.
THEOREM 3.2. Let A be a model semi-elliptic operator. There exists a
constant C 0 such that the inequality
Ž2, 4.u W K , d x 
 C Au  L K  u  L K 3.32 4Ž . Ž . Ž . Ž .Ž .2 1 2 2
Ž2, 4.Ž Ž ..holds for eery function uW K , d x which satisfies conditions2 1
 u
u   0.K
 x2 K
Proof. Step 1. Using a standard approach from a theory of regular
Ž  .elliptic differential equations see 9, pp. 365378 we construct a resolu-
tion of unity. Let K be open balls j 0, . . . , N with sufficiently smallj
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diameters, where
N
K K . j
j0
 4NIt is clear that we can choose covering K by means ofj j0
x 0  1, 0  K , x1  0, 1  K .Ž . Ž .0 1
Ž . Ž . Ž . N Ž .Let  x  C K , 0
  x 
 1 for j 0, 1, . . . , N and let Ý  xj 0 j j j0 j
 1 for x K.
Ž . Ž2, 4.Ž Ž ..Let u x W K , d x . We consider two functions2 1
 x   x u x ,  x   x u xŽ . Ž . Ž . Ž . Ž . Ž .0 0 1 1
with the domain of definition K K and K K , respectively. We have0 1
0 1x  K K , x  K K .0 1
We also consider two ‘‘parabolic’’ domains
 G  x , x : x  2 x  1 ,'Ž . Ž .½ 50 1 2 2 1
 G  x , x : x  2 1 x .'Ž . Ž .½ 51 1 2 2 1
Ž . Ž . Ž . Ž .Denote by  x ,  x the zero extension of functions  x ,  x on˜ ˜0 1 0 1
domain G and G , respectively. Putting0 1
2 2
 x  1 x ,  x  1 xŽ . Ž . Ž . Ž .0 1 1 1 1 1
we introduce into consideration weighted anisotropic Sobolev spaces
Ž2, 4.Ž Ž .. Ž . Ž2, 4.Ž  2 4.W G ,  x i 0, 1 similarly to space W G, x which we2 i i 1 2 1
have introduced in Section 1.
Using Lemma 1.2 we obtain the following inequality:
 Ž2, 4.  x u x W K , d xŽ . Ž . Ž .Ž .i 2 1
 Ž2, 4.   
 C  x W G ,  x 
 C A  x  L K . 3.33Ž . Ž . Ž . Ž . Ž .Ž . Ž .i 2 i i 1 i 2
Ž .Using A  u   u lower terms we obtain, similar to the elliptic case,i i
the following inequality:
     Ž32, 3. A  x u x  L K 
 C Au  L K  u W K .Ž . Ž . Ž . Ž . Ž . 4Ž .i 2 2 2
3.34Ž .
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Ž . Ž .Equations 3.33 and 3.34 yield
Ž2, 4. u W K , d xŽ .Ž .i 2 1
Ž32, 3.
 C Au  L K  u W K i 0, 1 . 3.35Ž . Ž . Ž . Ž . 42 2
Step 2. Now we are concerned with the case
K K   j	 2 .Ž .j
Using the Parseval identity we obtain
Ž2, 4. Ž2 , 4. 2 u W K , d x 
 C  u W Ž . Ž .Ž .i 2 1 j 2
2 2
 C  u  L   A  u  L  .Ž . Ž .Ž .ž /j 2 j 2
3.36Ž .
Ž .So we have from 3.36
Ž2, 4. Ž32, 3. u W K , d x 
 C Au  L K  u W K .Ž . Ž . Ž .Ž . Ž .j 2 1 2 2
3.37Ž .
Ž .Step 3. Now we consider the balls K j	 2 which do not containj
singular points x 0, x1 and for which
G  K   .j j
Repeating arguments of the proof of the corresponding a priori estimate
Ž  .for the elliptic boundary problem see 9, p. 376 and using Lemma 2.1 we
also obtain the estimate
Ž2, 4. Ž32, 3. u W K , d x 
 C Au  L K  u W K .Ž . Ž . Ž .Ž . Ž .j 2 1 2 2
Ž . Ž .The last estimate and estimates 3.35 , 3.37 yield
N
Ž2, 4. Ž2 , 4.u W K , d x 
  u W K , d xŽ . Ž .Ž . Ž .Ý2 1 j 2 1
0
Ž32, 3.
 C A  L K  u W K .Ž . Ž .Ž .2 2
Ž .Now using Lemma 3.1 we obtain estimate 3.32 . The proof is complete.
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4. REMARKS ON THE INHOMOGENEOUS BOUNDARY
VALUE PROBLEM
We consider a boundary value problem on the unit circle K ,
 2 u  4 u
Au   f , 4.38Ž .2 4 x  x1 2
 u
u  g ,  g 4.39Ž .K 1 2 x2 K
where f , g , g are given functions.1 2
In order to obtain an a priori estimate for boundary value problem
Ž . Ž .4.38 , 4.39 we need a description of the traces on K of functions from
Ž2, 4.Ž Ž ..W K , d x .2 1
˙ Ž .For this we use the trace theorem for the functional space W Kp
˙Ž .   Ž .1 p  given in 10 . Here we do not describe the space W K . It isp
˙ Ž .easy to show that in the case p 2,  2, the norm on W K isp
Ž2, 4.Ž Ž ..  equivalent to the norm on W K , d x . We refer to 10 for details.2 1
 Let us only recall the definition of the Besov ‘‘trace spaces’’ from 10
0 Ž .which we adapt for our goals. There are two singular points x  1, 0 ,
1 Ž .x  0, 1 in our considerations. If x K then we put
x  x  ei
 .1 2
The distance of a point x K measured on K is given by
 4min 
 , 
 0
 

  ,
d 
 Ž . ½  4min 
  , 2 
  
 2 .
Let 1. We introduce into consideration a weighted Besov space
s sB K ,   g  gD K , g  B K , Ž . Ž . Ž .2 2
s  s d 
 g  L K  d 
 g  B K   ,Ž . Ž . Ž . Ž . 4p 2
sŽ . Ž .where B K are the usual 2-periodically Besov spaces of functions2
defined on K.
Ž2, 4.Ž Ž ..For fW K , d x we denote by2 1
u
Rf f ,Kž / x2 K
a trace operator.
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The following statement is a particular case of the trace theorem from
 10 .
Ž2, 4.Ž Ž ..LEMMA 4.1. R is a bounded operator acting from W K , d x onto2 1
5 374 54Ž . Ž .B K ,  B K , .2 24 4
Using Lemma 4.1 we obtain the following theorem
THEOREM 4.2. Let A be a model semi-elliptic operator. There exists a
Ž . Ž .constant C 0 such that for the boundary alue problem 4.38 , 4.39 the
inequality
Ž2, 4.u W K , d x 
 C Au  L K  u  L KŽ . Ž . Ž .Ž . Ž2 1 2 2
5 374 54 g  B K ,  g  B K ,Ž . Ž . .1 2 2 24 4
holds.
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